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The energy principle, obtained in the papers by Lundquist [ 1,2 I, Bern- 
stein and others [ 3 I, has found broad application in the solution of 
problems of stability of equilibrium magnetohydrodynamic configurations. 
The energy principle is analogous to known theorems [ 4,5,6 1 on the sta- 
bility of the equilibrium condition of a system of material points. The 
proof of the energy principle, carried out in [ 3 I ) is based upon the 
series expansion in small displacements of an ideal conducting fluid 
along a complete system of normal vibrations. 

In this paper we shall produce proofs of the stability theorems of 
equilibrium configurations of an ideal conducting fluid by the use of the 
Liapunov function. 

Note that the totality of solutions of the Cauchy equations of motion 
for small displacements of a nonviscous ideally conducting fluid from the 
condition of equilibrium determines a general system. Zubov has used [ 61 
the analog of Liapunov functions in the proof of theorems of stability 
of invariant ensembles of a general system. Movchan [ 7 1 applied Liapunov 
functions in the investigation of elastic systems. 

1. As shown in [ 3.8.9 11 the equations of motion for small displace- 
ments e(r, t) of a nonviscous ideally conducting fluid from the equi- 
librium condition have the form 

PEi = Fi(E) (i = 1, 2, 3) (1) 

where a point above a symbol indicates differentiation with respect to 
time and F is a linear self-adjoint operator. 

F (i)= V G.Vp) + TV (P div E) + & (rot rot (E; x H) x H) + &rot H x rot ([ x H) 

where pi p and II are equilibrium values of density, pressures of fluid 
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and magnetic field, y  is the adiabatic exponent. 

We shall, for simplicity, assume that the fluid occupies a finite 
volume V, bounded by the surface S, where density p and displacements 6 

become zero on S. 

Equation (1) has an enerw integral 

where 
E = T + U = const 

T {i} = ; pkzdr, U {El = - ; \ E F (i) dr 
V 

(2) 

(3) 

We shall introduce notations 

It is clear that 

(1) T=U=O for I;gll=O, \\~I\=0 

(2) T-+0, lJ+O for lI~II-+O, llk.Il~O 
(3, T lb > 0 

We shall assume t(r) to be twice continuously differentiable functions 

of r C V. Let c= [(t. r, e,,(r), i,,(r)) be the solution of Equation (l), 
satisfying the initial conditions 

E =50(r), i = i0 (r) for t = 0 

We shall now give the determination of stability, asymptotic stabili- 
ty and instability of equilibrium conditions of a given system. 

The condition of equilibrium <= 0, c= 0 is stable, if for any c1 > 0 
and t 2 ? 0 may be found such 6, > 0 and 6, > 0, that if I( to(r) I( < 6, 

and 11 t,,(r) (1 < a,, then 

11 i (t, r, go (r),fo (r))ll< 81, 11 ri (1, r, EO h), ko (r)) II < EZ for t Z 0 

The condition of equilibrium is asymptotically stable, if it is stable, 
and also 

Ile(t, r, g,(r), ko(r))II+O, llk(t, r, t0(r). i0(r)Il-O for t--t + 00. 

The condition of equilibrium is not stable if there exist at least 
one 6 1 > 0 and E 2 > 0 such that for any 6, > 0 *and 6, > 0 there always 

exist such t,,(r) and i,,(r), (1 t,,(r) 11 < 6,, Ii e,(r) II < 6, that at least 
one of the following inequalities will be satisfied: 
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[Ii (t. “, E;o (r), io (r))tl > El. II f (I, r. Li (r), i. (r))ll 2 ~2 

at least for one of the values t >, 0. 

2. We shall now formulate and prove the theorem of the stability of 
equilibrium conditions of an ideally conductive nonviscous fluid. 

Theorer 1. (Necessary condition of stability.) In order that the con- 
dition of equilibrium [ = 0, 5 = 0 be stable, it is necessary that 
uI~1 2 0. 

Proof. Let a given condition of equilibrium be stable. We shall show 
that in that case U{ 51 >/ 0. We shall assume that there exists a t*(r), 
such that 

U I&* W < 0, V.* Wll # 0 

Assume that 

If  5 is the solution of (l), then 

dV (L dj 
dt = 2 (T {idi - u {E}) 

. I f  for any given 6,* > 0 and 6,* > 0, there always exist t,,*(r) and 

tl*(r) such that 

0 <II k0* @)I1 < h*. 0 < II $o* Wll < &* 

u &*I < 0, I/’ Go*, do*; > 0. T {to*) + u {SD*; < 0 

then for solutions of Equation (1) with initial conditions 

we shall have 
e = ko* (r). t = to*(r) for t = 0 

Hence it follows that 

V 2 VO + pt - + 02 for l- + m, (Vo = 1’ for t = 0) (5) 

Since the condition of equilibrium is stable, then for any EI > 0 and 

E2 ,> 0 there are found 6, > 0 and 6, > 0 such that if 11 c,(r) 11 < 6, and 

11 E,,(r) (1 < a,, then 
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We shall now choose a,* and a,* corresponding to 6, and 6,. Then for 
t > 0 we find that 

II 6 (1, r, CO* (r), G* (r))ll <El. I/ 2 Ct. r, !i0* (r), L* (r))li < E2 

Hence if follows that for the solutions under consideration 

i v  1 < El E2 ~11 (&I = ), pdr) 

This contradicts (5). Consequently the assumption that II{ e) < 0 is 
false. The theorem is proven. 

From Theorem 1 it follows that if there exist such f(r) that 
U{ 5 (r)] < 0, then a given condition of equilibrium is not stable. 

It is easily proven that the condition of equilibrium of an ideally 
conducting nonviscous fluid cannot be asymptotically stable. 

3. I f  a given fluid is viscous, then the equations of motion will have 
the form 

Fuji = Fi (&) -t fi (~) (i = 1, 2, 3) (6) 

The force of viscous friction fi equals 

where 7 and r are first and second coefficients of viscosity, vi = 5;. 

From (6) it is easily found that 

where 

w ($) = - s vifidr = t (9) 
V 

We shall now investigate the influence of viscosity forces on the 
stability of condition of equilibrium. In the case of an incompressible 
fluid this problem was considered by Hare, using another method [ 10 1. 

Theorem 2. I f  there exist e(r) such that U{ .6(r) ) < 0, then the con- 
dition of equilibrium is not stable even in the presence of viscous 

forces. 

Proof. We shall assume that the condition of equilibrium is stable. 
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Choose cl > 0 andE2 > 0; then there exist 6, > 0 and 6, > 0 such that 
if 

II to @II < 61, II eb (r)ll < 62 (10) 

then for t >, 0 

Ilk (1, r, t0 (r). $0 tr))ll< ~2 (11) 

Assume 

If 6 is the solution of Equation (6). then 

dV/dl = 2 (T - U) (13) 

There exist {u*(r) and (u*(r) such that 

II go* Ml < 61, II hi* @II < 62 

P = - T d* WI - U (Eo* (r)) > 0, V (to* (r)&* (r)) > 0 (14) 

Since for t > 0 

II g (1, r, Eo* (r), da* @)I II <El ii k (1, r. (to* (6, do* W) II < 6 

then there exist h > 0 such that for t > 0 

V (5 (t. r, &* (r), to* (r)), II d (1, r,ki (r), G*(r))) < h (15) 

On the other hand, since for t >/ 0 

T ii (1, r, ko* (r). 60* (r))) + u ik (1, r, Eo* tr). ko* @))I < - P < 0 

we find that for t >, 0 

-f&b’ (5 (t, r, go* (r), i0* (r)), ‘E (1, r, ti+ (r), t;0* (r)): > 2p > 0 

Consequently. for t + + 00 

V (i (t, r, h* (r). io* (r)), B (L r, LJ* (r), B,* (r))) -+ + 00 

(16) 

(17) 

which contradicts (15). The contradiction arrived at shows that the 
assumption made with respect to the stability of the condition of equi- 
librium is false. The theorem is proven. 

Theorem 2 is analogous to the known Kelvin [ 5 I theorem on the in- 
fluence of dissipative forces on the stability of the condition of eqai- 
librium of a system of material points. 
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Note. The use of functions (4) and (12) in the proofs of Theorems 1 
and 2 should be analogous to using the Liapunov function, in its 
quadratic form, as was done by Chetaev [ 5,11 1 in the proofs of some 
theorems on stability. 
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